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A lower bound is given for the number of hexagonal faces in a simple map 
on a closed surface whose graph is 3-connected depending on the numbers of 
i-gonal faces, i # 6, and the genus of the surface. 
From Euler’s formula f(P) + u(P) - e(P) = 2(1 - g) on the number 
f(P), u(P), and e(P) of faces, vertices, and edges, respectively, of a 
3-dimensional polytope P of genus g it follows that 
k;3 (6 - W *P#‘> 3 120 - g>, (1) 
c (6 - k) * G(P) 2 W - g), 
k>3 
where pk(P) or ok(P) denotes the number of faces or vertices of P, 
respectively, incident with exactly k edges. Equality holds in (1) or (2) 
for the simple or simplicial polytopes, respectively. (A 3-polytope is called 
simple or simplicial if its every vertex or face, respectively, is incident 
with 3 edges.) 
The relations (1) (2) do not impose any restriction on the numbers 
pG(P), v6(P). It is thus natural to ask the question: Given a sequence 
(P3 2 P4 9 P5 9 P7 ,.-*3 pm) of non-negative integers satisfying 
z3 (6 - W * ~lc = 120 - g)> (3) 
for what values of ps does there exist a simple polytope G of genus g such 
thatp,(G) = pi for all i? (We shall call also a vector (p3, p4 , p5 , pa ,..., pm) 
the p-vector of the map M if pi(M) = pi for all i and it4 does not have a 
d-gon with d > m.) On this problem for g = 0 there are several recent 
papers (cf. Grtinbaum [2, 31). Barnette [l] gives the following bound for 
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the humber pe in the p-vector (pS , p4 ,..., pm) with C pi > 3 of a simple 
3-polytope of genus g: j>7 
PI3 2 2(1 - d + HP3 - PLJ - 5 Pi. 
j=7 
The aim of our paper is to give another estimate (5) and in joining both 
bounds to get a better than both (4) and (5). 
Since the characterization of polyhedral graphs of polytopes of genus 
g # 0 is not known, we prefer to formulate our theorem for a wider set 
of maps on closed surfaces, namely, for maps whose graph is 3-connected 
(in analogy to graphs of 3-polytopes of genus 0 which are characterized 
as planar and 3-connected, see Steinitz and Rademacher [4], Grtinbaum [2]). 
THEOREM. For the numbers pi in a p-vector (pa ,p4 ,...,p,) with 
C pi > 7, of a simple 3-connected map on a closed sucface of genus g, the 
i>3 
following inequality holds: 
~&4(l-g)-f(2p~+3ph)i-f5([~]-6)-p,. (5) 
k=7 
To every g there exists an injinite number of maps on a surface of genus g 
such that the numberp, in their p-vector is equal to the right-hand side of (5). 
Proof. First we note that the only 3-connected simple map in which a 
triangular face is adjacent to another triangular face, or in which a 
quadrangular face is adjacent to two triangular faces, or which contains 
as subgraph the graph in Figure la is the map of the tetrahedron, the 
3-sided prism or the map in Figure lb. From here on we shall not consider 
the p-vectors of these maps. 
FIGURE I 
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Let us have a map M; we shall say that an edge c of its triangular face F 
is occupied by the face K when the faces K and F meet in the edge c. The 
h= W-g)--pa-pP,+ c @--6).~, (from UN 
k>7 
edges of the triangular faces of the map M must be occupied by k-gons, 
k 3 4. But a k-gon, k > 4, can occupy only [k/2] edges belonging to the 
triangles because no two adjacent edges of such a k-gon can occupy edegs 
of triangles. A quadrangular face of M not only does not occupy two edges 
of triangular faces, but even if it occupies one edge of a triangle then at 
least one r-gonal face (r > 4) occupies not more than [r/2] - 1 edges 
of the triangles because at least on one r-gonal face adjacent to the 
quadrangle there exist three consecutive edges not belonging to any 
triangle. So the k-gonal faces, k 3 4, k f 6, can occupy at most 
edges belonging to the triangles. Therefore we have left at least 
120 -g)+ f (k--).p,- 5 [+] .pr 
k=4 k=5 
k#6 
= 12(1 - d - 2P, - 3P, + kE, ([q) - 61 ’ pk 
edges to be occupied by hexagons. From this follows (5). 
The preceding argument shows which vectors (ps ,p4 ,...,p,) are 
p-vectors of maps with pe equal to the right-hand side of (5). On surfaces 
of genus g, every quadrangle must occupy one edge and every k-gon, 
k > 5, must occupy [k/2] edges of the triangles, except for the case in 
which there is a quadrangle adjacent to a triangle. We get such maps, e.g., 
by replacing the vertices of a simple map in a manner shown in Figure 2. 
Comparing the bound (4) with (5) we have: (4) is better (the same, 
worse) as (5) if 
(or= or <, respectively). It is not difficult to construct a sequence 
(Pa 7 P4 7 P5 2 P7 Ye..) pm) satisfying (3) for which the difference between the 
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bounds (4) and (5) is greater then any given number. It may therefore be 
useful to join the bounds (4) and (5) into one which for any sequence 
(Ps 3 P4 > P5 > P7 >-..> pm) would yield a value of ps not less than (5) or (4): 
Ps 2x1 -g>+KP3-P5)- f Pk 
k=7 
+max/o;#j ([~]-~)‘P,-(P4+Pa))1. 
h-7 
t -A 
FIGURE 2 
Remark. From (I) and (2) the existence of faces and vertices incident 
with < 5 edges follows for any map on the sphere (g = 0). In general, 
an arbitrary map on an arbitrary closed surface has no such property. 
However, simple argumentations yield: 
For any map A4 with more than 42(g - 1) edges on a closed surface of 
genus g there exist such i < 6, j < 6 that pi(M) f 0, u,(M) # 0 holds. 
The number 6 here cannot be decreased but the bound 42(g - 1) does 
not seem to be the best possible. 
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